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Abstract. — Wc consider a partially hyperbolic set if on a Riemannian manifold M whose 
tangent space splits as TkM — E CU Q)E S , for which the centre- unstable direction E cu expands 
non-uniformly on some local unstable disk. We show that under these assumptions / induces 
a Gibbs-Markov structure. Moreover, the decay of the return time function can be controlled 
in terms of the time typical points need to achieve some uniform expanding behavior in the 
centre-unstable direction. As an application of the main result we obtain certain rates for 
decay of correlations, large deviations, an almost sure invariance principle and the validity of 
the Central Limit Theorem. 
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1. Introduction 

Remarkable advances in the study of dynamical systems, specially the statistical prop- 
erties of those with chaotic behavior, have been achieved through the idea of inducing. 
Roughly speaking, this consists of replacing the initial dynamical system by another one 
whose dynamical features are easier to understand and from which one can recover much 
information on the initial system. This idea goes back to the 70 's where Markov partitions 
have been used to study the statistical properties of uniformly hyperbolic dynamical sys- 
tems via conjugations to shifts. Since then, a main goal in dynamical systems theory is to 
enlarge that strategy to wider classes of systems. 

A main achievement in this direction has been attained by Young in [231 124] . In these 
works she developed an abstract framework, the so-called Young towers, that proved useful- 
ness in a systematic treatment of several classes of dynamical systems, including Axiom A 
attractors, piecewise hyperbolic maps, billiards with convex scatterers, logistic maps, in- 
termittent maps and Henon-type attractors. The latter case has actually been treated by 
Benedicks and Young in [9]. A preponderant role in this context is played by Gibbs-Markov 
structures, which may be understood as a generalization of the classical Markov partitions 
and are naturally associated to an inducing scheme that gives rise to a Young tower. Many 
statistical properties on the dynamics of these induced structures can be recovered from 
the Gibbs-Markov map that one obtains quotienting out by stable leaves. Gibbs-Markov 
maps constitute themselves object of great dynamical interest; see e.g. [2], [3] for Aaronson 
and Denker contributions on the statistical properties of Gibbs-Markov maps, whose main 
ideas go back to Aaronson's book [JJ on infinite ergodic theory. 

A Gibbs-Markov structure is characterized by a suitable region of the phase space par- 
titioned into subsets (possibly infinitely many) each of which with a given return time. 
Comparing to the classical Markov partitions, a main difference lies on the possibility of 
infinitely many return times, as long as the measure of points with larger and larger returns 
decays to zero. The flexibility conferred by the chance of arbitrarily large return times is 
a fundamental step towards applications to non-uniformly hyperbolic dynamical systems, 
where large waiting times are needed to reach good expansion rates in the centre-unstable 
direction of some points. In certain cases we are able to determine the speed at which the 
return times decay, given in terms of the time that generic points need to achieve the good 
expansion rates. 

Dynamical systems that do not fit the class of uniformly hyperbolic ones but combine 
non-uniform expanding/contracting central directions with other directions of uniformly 
hyperbolic behavior give rise to a wider class of partially hyperbolic dynamical systems. 
The case of partially hyperbolic diffeomorphisms for which the tangent bundle over some 
attracting set splits as E cs © E u , the sum of one invariant sub-bundle with non-uniformly 
contracting behavior and another one with uniformly expanding behavior, has been treated 
in |12j . where some Gibbs-Markov structures were obtained to deduce decay of correlations 
and the validity of the Central Limit Theorem for the SRB measures which had been 
obtained in [10] ; see also [1 XL 121] . Limit theorems for partially hyperbolic systems of this 
type were also obtained in j!3j . 

Our main goal in this work is to prove the existence of Gibbs-Markov structures in the 
case of partially hyperbolic diffeomorphisms with an attracting set over which the tangent 
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bundle splits as E S (BE CU , the sum of a sub-bundle E s having uniformly contracting behavior 
with another one E cu having non-uniform expanding behavior. This kind of attracting set 
has been previously considered in [5] , where the existence of SRB measures was established. 
The method used in [5] is based on the simple idea of iterating forward Lebesgue measure on 
some centre-unstable disk and obtaining the absolute continuity with respect to Lebesgue 
measure on local unstable disks of weak* accumulation points. Due to the simplicity of 
the method, it gives not much information on the properties of such SRB measures. As a 
byproduct of the machinery that we develop here, we are also able to deduce the existence 
of the SRB measure. Our method uses deeper knowledge on the geometrical structure 
of the attractor, thus enabling us to prove the existence of a Gibbs-Markov structure 
inside it, leading to an inducing scheme. As an immediate consequence of our main result, 
combined with others from [8], I18L 120] , we easily deduce some statistical properties of these 
dynamical systems, namely decay of correlations, central limit theorem, large deviations and 
a multidimensional almost sure invariant principle. Let us point out that the case E S @E CU 
that we consider here is, for our purposes, considerably more difficult to deal with than 
the dual case E cs © E u , since the richest part of the dynamics in the neighborhood of an 
attracting set occurs in the unstable direction, where in our case the expansion is attained 
just asymptotically. 

The final part of the proof of our main result follows the strategy used in [6] for non- 
uniformly expanding endomorphisms (non-invertible smooth dynamical systems). The 
argument gives no optimal conclusions outside the polynomial case. The lack of efficiency 
for exponential or subexponential decays essentially relies on [6, Proposition 6.1] which 
still has no suitable generalizations. A main achievement in this direction has been ob- 
tained in [14] by mean of a different geometrical construction, leading to exponential and 
subexponential decays of return times. The construction in [5] can be thought of as being 
local, in the sense that the partition is obtained by considering convenient returns of points 
in a small disk to itself. The construction performed in [14] uses instead a finite global 
partition of the whole attractor as a starting point. However, this strategy has no natural 
generalization to the present setting of partially hyperbolic diffeomorphisms, mostly due 
to the non-compactness of unstable manifolds. 

Overview. — This paper is organized as follows. In the remaining of this introduction 
we consider three subsections. In the first one we define the Gibbs-Markov structures. In 
the second subsection we introduce partial hyperbolicity and state our main result on the 
existence of Gibbs-Markov structures for certain partially hyperbolic attractors. In the 
final subsection we define some limit laws and state some statistical consequences of our 
main result. In Section [2] we recall some results on hyperbolic times and bounded distortion 
from [5j. The construction of Gibbs-Markov structures for partially hyperbolic attractors 
is performed in Section [3j We begin with some results on the recurrence of disks, and then 
present an algorithmic construction that gives rise to the product structure. Finally, in 
Subsection [33] we prove some results on the regularity of the stable and unstable foliations. 
This comprises the generalization of classical results for uniformly hyperbolic attractors to 
our setting, namely the Holder continuity of the central-unstable direction and the absolute 
continuity of the stable foliation. Finally, the estimates on the decay of return times is 
obtained in Section [U 
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1.1. Gibbs-Markov structures. — Here we present the structures which have been 
introduced in [23] and constitute the main object of our interest. These structures comprise 
the dynamical and geometrical essence of the return map to the base of a Young tower. 

Let / : M — > M be a diffeomorphism of a Riemannian manifold M. We say that / is C 1+ 
if / is C 1 and Df is Holder continuous. Let Leb denote the Lebesgue measure on the Borel 
sets of M associated to the Riemannian structure. Given a submanifold 7 C M we use 
Leb 7 to denote the Lebesgue measure on 7 induced by the restriction of the Riemannian 
structure to 7. 

An embedded disk 7 C M is called an unstable manifold if dist(/~ n (x), f~ n {y)) — * as 
n — ► 00 for every x, y G 7. Similarly, 7 is called a stable manifold if dist(/ n (x), f n (y)) — ► 
as n — > 00 for every 1,1/67. Let Emb (.D u , M) be the space of C 1 embeddings from D u 
into M. We say that T u = {7 n } is a continuous family of C 1 unstable manifolds if there is 
a compact set i^ s , a unit disk Z} n of some M n , and a map $" : fC s x £)" — > M such that 

• _ x j s an unstable manifold; 

• $ n maps x D u homeomorphically onto its image; 

• ih $ u |({x} x D u ) is a continuous map from fT s to Emb 1 (D U ,M). 

Continuous families of C 1 stable manifolds are defined similarly. We say that AcM has 
a product structure if there exist a continuous family of unstable manifolds T u = {7"} and 
a continuous family of stable manifolds T s = {7 s } such that 

• A = (U7 U ) n (U7 S ); 

• dim 7" + dim 7 s = dim M; 

• each 7 s meets each 7" in exactly one point; 

• stable and unstable manifolds meet transversally with angles bounded away from 0. 

Let AcM have a product structure whose associated defining families are V s and T u . 
A subset A C A is called an s-subset if A also has a hyperbolic product structure, and its 
defining families, T s and Tq, can be chosen with Tq C V s and Tq = T u ; u-subsets are defined 
similarly. Given x G A, let 7*(x) denote the element of V* containing x, for * = s,u. For 
each n > 1 we let (/ n ) u denote the restriction of the map f n to 7 u -disks and det D(f n ) u 
denote the Jacobian of D(f n ) u . 

We require that the product structure satisfies several properties that we explicit below 
in (Pi)-(Ps). From here on we assume that C > and < (3 < 1 are constants depending 
only on / and A. 

(Pi) Markov: there are pairwise disjoint s-subsets A 1; A 2 , • • • C A such that 

(a) Leb 7 ((A \ UA^) n 7) = on each 7 G T u \ 

(b) for each i G N there is i?, G N such that f Ri (Ai) is M-subset, and for all x G A, 

f R '(l s (x))cr s (f R '(x)) and f'tfWlDrtfW). 
This allows us to define the return time function R: A — >• N as i?|Aj = 

(P2) Contraction on V s : for all y G 7 s (2) and n > 1 
dist(r(y),r(a;))<Cr. 

(P3) Backward contraction on T u : for all x, y G Aj with ?/ G 7 u (x), and < n < Ri 
dist(f n (y)J n (x))<C(3 R *- n dist(f R *(x),f R >(y)). 

(P 4 ) Bounded distortion: for all x,y E Ai with y G 7 u (x) 
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(P 5 ) Regularity of the foliations: 

(a) for all y G Y( x ) an d ^ > 

(b) given 7,7' G r", define 0: 7 fl A — > 7' fl A as = 7 s (x) PI 7. Then <f> is 
absolutely continuous and 

rfQftr 1 Leb 7 ) det £)/"(/* (a;)) 

dLeby W f = |det£/«(/^)))' 

See Section [331 for a precise definition of absolute continuity. A set with a product structure 
for which properties (Pi)-(Ps) above hold will be called a Gibbs-Markov structure. 

1.2. Partially hyperbolic attractors. — Let K C M be a compact invariant set for a 
C 1 diffeomorphism /: M — > M, meaning that /(i^) = X. We say that K has a dominated 
splitting if there exists a continuous ^/-invariant splitting TkM = E CS @E CU and < A < 1 
such that for some choice of a Riemannian metric on M 

\\Df\E%\\.\\Df- 1 \E? (?t) \\<\ for all xG^. (1) 

We call E cs the centre-stable bundle and E cu the centre-unstable bundle. We say that K 
is partially hyperbolic if it has a dominated splitting T^M = E cs © i? c1i for which E cs is 
uniformly contracting: there is < A < 1 such that for some choice of a Riemannian metric 
on M 

\\Df I E c x s \\ < A, for all xeK. (2) 

Fixing some small number c > 0, we say that / is non-uniformly expanding in the central- 
unstable direction at a point x G K if 

1 n 

limsup-^riogpr 1 I EJS^W < -c. (NUE) 

n— ++00 IT' . , 

We define the expansion time function 

£(x) = mm\N>l:-J2\og\\Df- 1 \E^ {x) \\<-c, Vn > n\ . (3) 



Note that S(x) is finite for the points x G K satisfying INUEI 

In this work we consider partially hyperbolic sets of the same type of those considered 
in [5], for which the centre-stable direction is uniformly contracting and the central- unstable 
direction is non-uniformly expanding. To highlight the uniform contraction in the centre- 
stable direction we shall write E s instead of E cs . 

Theorem A. Let f : M — > M be a C 1+ diffeomorphism and let K C M be a transitive 
partially hyperbolic set such that T^M = E s © E cu . Assume that for some local unstable 
disk D C K and r > one has Leb£){£ > n} = 0(n~ T ). Then there exists A C K with a 
Gibbs-Markov structure. Moreover, Leb 7 {-R > n} = 0(n~ T ) for any 7 G T u . 
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Remark 1.1. — The existence of a disk D for which INUEI is satisfied Lebesgue almost 
everywhere can actually hold under very mild conditions. Indeed, as shown in [7J The- 
orem A] , if K attracts a positive Lebesgue measure set of points for which INUEI holds, 
then K contains some local unstable disk D for which INUEI holds for Leb^ almost every 
point. 

Remark 1.2. - - Under the assumptions of Theorem |A] we are able to say more about 
the set A with the product structure. Actually, our construction gives that the set A itself 
coincides with the union of the leaves in T u . This is not always the case, e. g. for Henon 
attractors A is a Cantor set; see [9]. 

An open class of diffeomorphisms for which K = M is partially hyperbolic and satisfies 
the assumptions of Theorem|X]can be found in [5, Appendix A]. The calculations in jBJ give 
that for such diffeomorphisms one has Leb£>{£ > n} decaying exponentially fast, which 
then implies that Leb 7 {i? > n} has super-polynomial decay, meaning that it decays faster 
than any polynomial. Transitivity of the diffeomorphisms in that class has been proved 
in 



1.3. Limit laws. — An /-invariant Borel probability fi in M is called an SRB measure 
if, for a positive Lebesgue measure set of points x G M, 

1 "~ 1 ■ f 
lim — \ ip{f^{x)) = / ifdfx, for any continuous if : M — > R. (4) 

Defining the correlation function of observables tp, ip : M — > R as 

C n (ip,ijj) = J {if o f n )ipdfx - J Lpd/j J ipdfx 

it is sometimes possible to obtain specific rates for which C n ((p,ip) decays to as n tends 
to infinity, at least for certain classes of observables with some regularity. Note that taking 
the observables as characteristic functions of Borel sets we are led to the classical definition 
of mixing. 

The next two corollaries follow from Theorem |A] together with [81 Theorem B] and |8j 
Theorem C]; see also [8] Remark 2.4]. 

Corollary B (Decay of Correlations). — Let f : M — >• M be a C 1+ diffeomorphism 
and let K C M be a transitive partially hyperbolic set such that T^M = E s @E CU . Assume 
that there is a local unstable disk D C K and r > 1 such that Leb£){£ > n} = 0(n~ T ). Then 
some power of f has an SRB measure n and C n ((p,ip) = 0{n~ T+1 ) for Holder continuous 
(p,ip: M ->R. 

The existence of the SRB measure for / has already been proved in [5j Theorem A]. In 
general, we can only assure that the correlation decay holds for some power of /. However, 
if the return times associated to the elements of the Gibbs-Markov structure given by 
Theorem IA~1 are relatively prime, i.e. gcd{i?j} = 1, then the same conclusion holds with 
respect to /. For simplicity, from here on we assume that gcd{Ri} = 1. Otherwise, the 
same conclusions hold for some power of /. 
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In the next result we obtain conditions for the validity of the Central Limit Theorem 
(CLT), which states that the deviation of the average values of an observable along an 
orbit from the asymptotic average is given by a Normal Distribution: given any Holder 
continuous tp: M — > R which is not a coboundary (</? ^ if) o f — if> for any if> G L 2 ) there 
exists cr > such that 

—= (if o f J ' — I Lpdfi] ^? N(0, a), as n — > oo. 
v n J=0 V J J 

Corollary C (Central Limit Theorem). - - Lei / : M —> M be a C 1+ diffeomorphism 
and let K C M be a transitive partially hyperbolic set with T K M = E s © E cu . Assume that 
there is a local unstable disk D C K and r > 2 such that Leb^jf > n} = 0(n~ T ). Then 
CLT holds for any Holder continuous (p: M — ► R which is not a coboundary. 

Given a Holder continuous observable ip : M — > R and e > 0, we define the /arge deviation 
of the time average with respect to the mean of ip as 



V n ((p,e) = fi[ IxeM: 



1 n_1 r 



> e 



The next result is a consequence of Theorem IA\ together with Theorem 4.2] and 
Theorem 1.2]. 

Corollary D (Large Deviations). — Let f : M — > M be a C 1+ diffeomorphism and 
let K C M be a transitive partially hyperbolic set with T^M = E s © E cu . Assume that 
there is a local unstable disk D C K and r > 2 such that ~Lehr>{£ > n} = 0(n~ T ). Then, 
for any Holder continuous ip: M — > R and any e > 0, we have T> n (ip, e) = 0(n~ T+1 ). 

Given d > 1 and a Holder continuous (p: M — > R d , we denote (p n = Y^j=o {f°f^~ J V d^), 
for each n > 1. We say that the sequence {y? n }n satisfies a d-dimensional almost sure 
invariance principle (ASIP) if there exists A > and a probability space supporting a 
sequence of random variables {<^}n and a <i-dimensional Brownian motion W(t) such that 

1- { i Pn}n and {<^n}n are equally distributed; 

2. <y9* = VK(n) + 0(n 1 / 2_A ), as n — > oo, almost everywhere. 

The ASIP is said to be nondegenerate if the Brownian motion W(i) has nonsingular co- 
variance matrix E. For the dynamical systems considered in this paper, there is a closed 
subspace Z of infinite codimension in the space of all (piecewise) Holder ip: M — > R d such 
that E is nonsingular whenever (p ^ Z; see [20, Remark 1.2] and [15, Section 4.3]. 

The next result follows from Theorem |X] and [201 Theorem 1.6], and it generalizes 
Corollary [C] above. 

Corollary E (Almost Sure Invariance Principle). — Let f : M M be a C l+ dif- 
feomorphism and let K C M be a transitive partially hyperbolic set with TkM = E s @E 
Assume that there is a local unstable disk D C K and r > 2 such that Leb£){£ > n} 
0(n~ T ). Then {(p n } n satisfies an ASIP for any Holder continuous ip ^ Z. 



cu 



8 



JOSE F. ALVES & VILTON PINHEIRO 



2. Preliminaries 

With the only exception of Lemma 12.71 the material contained in this section comes 
from [5]. Our aim is to recall some results on the Holder continuity of the tangent direc- 
tion of centre-unstable submanifolds, to introduce hyperbolic times and recall their main 
properties. 

We fix continuous extensions of the two subbundles E s and E cu to some neighborhood 
U of K that we denote by E s and E cu . We do not require these extensions to be invariant 
under Df. Given < a < 1, we define the centre-unstable cone field = (C^ u (x)) xeU of 
width a by 

C™( x ) = { Vl + v 2 e E S X ®E™ such that |H| < a||v 2 ||}. (5) 

We define the centre-stable cone field = (C* {x)) xGU of width a in a similar way, simply 
reversing the roles of the subbundles in We fix a > and U small enough so that, 
up to slightly increasing A < 1, the domination condition (TjQ) remains valid for any pair of 
vectors in the two cone fields: 

\\Df{xy\\-\\Dr l {f{x))v™\\<\\\v s \\ ki 

for every v s G C*(x), v cu G C^ n (/(x)), and any point x G U fl f~ l (U). Note that the 
centre-unstable cone field is positively invariant: 

Df(x)C: u (x) C Cr(/(x)), whenever x, f(x) G U. 

Actually, the domination property together with the invariance of E cu = E CU \K imply that 

Df{x)C™{x) C CZ(f(x)) C <£»(/(*)), 

for every x G K, and this extends to any x G U fl f~ l (U) just by continuity. 

We say that an embedded C 1 submanifold iV C £/ is tangent to the centre-unstable cone 
field, if the tangent subspace to iV at each point x G N is contained in the corresponding 
cone C^ u (x). Then /(iV) is also tangent to the centre- unstable cone field, if it is contained 
in U, by the domination property. The tangent bundle of iV is said to be Holder continuous 
if x i — > T X N defines a Holder continuous section from iV to the corresponding Grassman 
bundle of M. Given a C 1 submanifold iV C U, we define 

re(JV) = inf{C > : the tangent bundle of is (C, C)-H61der}. (6) 

The next result contains all the information we need on the Holder control of the tangent 
direction and its proof can be found in [5j Corollary 2.4]. 

Proposition 2.1. - - There exists C\ > such that, given any C 1 submanifold N C U 
tangent to the centre-unstable cone field, then 

1. there exists n > 1 such that K,(f n (N)) < C\ for every n > such that f k (N) C U 
for all < k < n; 

2. if k{N) < d, then n{f n {N)) < C x for every n > 1 such that f k (N) C U for all 
< k < n; 

3. if N and n are as in the previous item, then the functions 

J k : f k (N) 3 x h- log | det (Df \ T x f k (N))\, < k < n, 
are (Al,C) -Holder continuous with L\ > depending only on C\ and f . 
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The notion we introduce next allows us to derive uniform expansion and bounded distor- 
tion estimates from the non-uniform expansion assumption in the centre-unstable direction. 

Definition 2.2. — Given < a < 1, we say that n is a a -hyperbolic time for x G K if 

n 

f | \\Df~ 1 | Ef} {x) || < a k , for all 1 < k < n. 

j=n—k+l 

In particular, if n is a cx-hyperbolic time for x, then Df~ k \ E^, x s is a contraction for 
every 1 < k < n: 



\\Df- k \Ef n{x) \\< J] \\Df- l \Eft {x) \\<a k . (7) 

j=n— fc+1 

If a > is sufficiently small and we choose Si > also small so that the (^-neighborhood 
of K is contained in U, then, by continuity, 



\\D:r s (f(!j))r\\ <±^Df-'\E';i r 



whenever x G K, dist(x, y) < Si, and v G C^ u (y). 

Given any disk A C M, we use dist / \(x, y) to denote the distance between x,y G A, 
measured along A. The distance from a point x G A to the boundary of A is distAt^, dA) = 
infygQA distA(a;, y)- The next result has essentially been proved in [5l Lemma 2.7]; see [2 
Lemma 4.2] for a detailed proof. 

Lemma 2. 3. — Let < 5 < 5i and A C U be a C 1 disk of radius 5 tangent to the centre- 
unstable cone field. Then, there is n > 1 such that for x G Af]K with distAt^, dA) > 5/2 
and n > n a a -hyperbolic time for x there is a neighborhood V n of x in A such that: 

1. f n maps V n diffeomorphically onto a centre-unstable disk of radius 5i around f n (x); 

2. for every 1 < k < n and y,z G V n , 

&st fn - HVn) U n -\y)J n -\z)) < dist/.^Cr (y),f n (z)). 

We call the sets V n hyperbolic pre-balls and their images f n (V n ) hyperbolic balls. Notice 
that the latter are indeed centre- unstable balls of radius Si. The next result follows from 
Proposition 12.11 and Lemma [2.31 above exactly as in the proof of [5, Proposition 2.8]. 

Corollary 2-4- - - There exists Ci > 1 such that given a disk A as in Lemma \2. 3\ with 
k(A) < C±, and given any hyperbolic pre-ball V n G A with n > n$, then for all y,z G V n 



| det Df n 


TyA\ 


| det Df n 


T Z A\ 



lQ g ^ T~\fn T 1 A < C 2 dist f n {D) (r(y),r(y)^. 



The next result states the existence of a-hyperbolic times for points satisfying INUEI and 
its proof can be found in [51 Lemma 3.1, Corollary 3.2]. 

Proposition 2.5. - - There are 9 > and o > such that for every x G K with £(x) < n 
there exist a-hyperbolic times 1 < n x < ■ ■ ■ < n\ < n for x with I > On. 
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Given n > 1, we define 

H n — {x G K: n is a a- hyperbolic time for a; }. 

The next result follows from the proposition above as in [5J Proposition 3.5] or |BJ Corol- 
lary 2.3]. It plays important role in the metric estimates of Section HI 

Corollary 2.6. - - Let D be a local unstable disk for which \NUE\ holds Leb/) almost ev- 
erywhere. Given n > 1 and A C D \ {£ > n} with Lebo(v4) > we have 

iALeMin^) >0 

n ^ LebofA) ~~ 

We finish this section with a technical lemma which will be useful in the proof of Propo- 
sition 14.31 We take 5 S > sufficiently small so that local stable manifolds Wg (x) are 
defined for all points x G K and 

c 
4 

for all x G K and y G Wg (x) , where c > is given by INUEl 



log \\Df- 1 | E™\\ - log \\Df- 1 | E?\\ < - t , (9) 



Lemma 2.7. - - Given < £ < 5\, there exists N £ > such that for every n > no and 
every x G DnH n , the ball of radius e centered at f n (z) inside the hyperbolic ball f n (V n (x)) 
contains a hyperbolic pre-ball Vk(z) with k < N £ . 

Proof. — Given n > n and x G D PI H n , let B™ = f n (V n (x)) be the hyperbolic ball 
associated to x with hyperbolic time n. Recall that B™ is a centre-unstable ball of radius 
5i around f n (x). We define the cylinder 

c:= U W *M- 

Since [NUEl holds for Lebo almost every point and it remains valid by forward iteration, it 
follows that Leb^n almost every point in also satisfies [NUEl Given z G C", we define 

£{z) = min jiV > 1: -^log \\Df~ 1 \ E^ w) \\ < --, Wn > N 

The fact that INUEl holds for Leb^n almost every point in 5™ together with imply that 
£{z) is well defined for Leb almost every point z G C™. Hence £{z) is well defined for Leb 
almost every point z belonging to the set 



X ' 



Using Lemma 12.31 we may choose n £ large enough so that any hyperbolic pre-ball of o- 
hyperbolic time n > n £ will have diameter not exceeding e/2. Let now B™(e/2) denote the 
ball of radius e/2 around f n (x) inside -B™, and take 

v £ = min { Leb (U yeB n (e/2) W£(j/)) }. 



x(=DDH n 
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Since the sizes and tangent directions of hyperbolic balls and stable disks are uniformly 
controlled, this minimum v £ must be strictly positive. Hence, as 

Leb (z G C : £(z) > n j — » 0, when n — > oo, 

it is possible to choose N £ G N large enough so that 

Lebjz G C: S(z) > iV e } < v £ . (10) 

We take N £ also satisfying 9N £ > n £ . By the choice of v £ , given n > n and x G D n i? n 
there must be some z G W/ (y) with y G B™(e/2) such that £(2) < iV e . Using (jUJ) we 
easily deduce that £(2) < iV E ; recall ([3]). Hence, by Proposition 12.51 there exists some 
er-hyperbolic time h for y with 6W e < h < N £ . Since we have taken 9N £ > n £ , then by the 
choice of n £ we are done. □ 



3. Gibbs-Markov structure 

In this section we describe the geometric construction of the product structure. This 
will be made in three steps. In the first one we prove the existence of a centre-unstable 
disk (a reference disk) for which forward iterates come back to a neighborhood of itself, 
and whose projection along stable leaves cover the disk completely. In the next step we 
use these returns to define a partition on the reference disk. This part of the construction 
follows ideas from [ni Section 3]. Finally we use the partition on the reference leaf and the 
returns to define the product structure. 

3.1. Returning disks. — Let Dbea local unstable disk as in Theorem lAl Diminishing 

8\ > 0, if necessary, we may assume that D has radius Si. Take < S s < Si/ 2 such 
that points in K have local stable manifolds of radius S s . In particular, these local stable 
manifolds are contained in U; recall (|S]). 

Lemma 3.1. — There are Nq>1 and q G K such that: 

1. Wg s , 2 (q) intersects D in a point p with distu(p, dD) > Si/2; 

2. for each centre-unstable disk 7" of radius Si centered at a point in K there are < 
j < ^V"o an d a disk 72 C 7" of radius Si/2 centered at a point z G Wg a u(f~^{q))- 

Proof. - - We start by observing that there is a constant a = a(p) > with a — > as 
p — ► for which the following holds: given x G K , p > and y G K with dist(x, y) < p 
having a local unstable disk of radius Si centered at y, then Wg (x) intersects Wg (y) in a 
point z with 

distjys (x)( z , x) < a and distw ( v )(z, y) < Si/2. 

In particular, such a point z has a neighborhood of radius S\j2 inside Wg (y). 

Take p > small so that 4a < S s . Since we are assuming f\K transitive, we may fix 
q G K and N G N such that both i) Wg, 2 {q) intersects D in a point p with disto(p, dD) > 

Si/2, and ii) {f~ N °(q), ■ ■ ■ , / _1 (9), 9} is p-dense in K. By p-dense we mean that any other 
point in K has one of the points in the set above at a distance less than p. 
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Hence, given any centre-unstable disk 7" of radius 8\ centered at a point y G K, there 
is < j < N such that dist(f~i (q),y) < p. Then, by the choice of a and p, we have 
that Wg a (f~^(q)) intersects 7" in a point z with dist W | (/-%))(£, < a < 8 s /4 and 

dist 7 «(2;, y) < 8 x /2. □ 

Lemma 3.2. There is 82 > swe/i i/iai i/ 7" zs a centre-unstable disk of radius 81/ 2 
centered at a point z G W/ (if) w £ K, then / J (7 U ) contains a centre-unstable disk of 
radius 82 centered at P{z), for each 1 < j < N . 

Proof. — Let us first prove the result for j = 1. Let f(y) be a point in 9/(7") minimiz- 
ing the distance from f(z) to 9/(7"), and let 7/1 be a curve of minimal length in f{^f u ) 
connecting f(z) to f(y). Define r] = Denote by f)i(x) the tangent vector to the 

curve rji at the point x. Then, 

pr»^)ii <c\\m(x)i 



where 



C = max{|| J Dr 1 (x)||}>l. 



Hence, 

length(?7o) < C length^). 

Noting that r/ is a curve connecting z to y G <97 u , this implies that length^) > 8i/2. 
Hence 

length^) > C~ l length^) > C" 1 5i/2. 
Thus /(7 U ) contains the disk 7" of radius C _1 <5i/2 around /(z). Moreover, 

dist(/(z),/H)<A5 s <5 s , 

and so, by the choice of 5 S , we have that 7" is also a centre- unstable disk. Making now 7" 
play the role of 7" and / 2 (-2) play the role of f(z) we prove that: 

(a) /(7i) contains a centre- unstable disk of radius C~ 2 8\j2 2 centered at f 2 (z); 

(b) dist(/ 2 (^),/ 2 H)<A 2 5 s <5 s . 

Item (a) gives in particular that / 2 (7 U ) contains a centre-unstable disk of radius C~ 2 8\j2 2 
centered at f 2 (z). Arguing inductively we are able to prove that / J (7 lt ) contains a disk of 
radius C~^8\/2^ > C~ No 8\/2 No around P(z), for each 1 < j < N . Hence, we just have to 
take 8 2 = C~ N °S l /2 N °. ' □ 

3.2. Partition on the reference leaf. — The construction that we are going to explain 
below requires the use several constants. First we take 5i > as in (jSJ), and < 8 2 < 81 as 
in Lemma [3.21 Then we take 8q > and e > so that 

80 8 2 and e < 8 . 

Next we describe the construction of the (mo mod 0) partition V of the unstable disk of 
radius 8 centered at p contained in D. For that we consider the following neighborhoods 
of p in D 

A° = B u (p,8 ), Al = B u (p,28 Q ), A 2 , = B u (p, v^o) and A 3 = B u (p, 2V8 ), 
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and the cylinders over these sets, 

C= |J Wl(x), for i = 0,1, 2, 3. 

Letting 7r denote the projection from C 3 onto Aq along local stable leaves, we have 

7r(C*) = Aj, for z = 0,1,2,3. 
We say that a centre-unstable disk 7" u-crosses C % if 77(7") = Aq. 

Remark 3.3. — To simplify the exposition we shall pretend that each centre-unstable 
disk 7" u-crossing C % is still a disk centered at a point in Wg (p) with the same radius 
of A . Actually, the radius of such a disk 7" is proportional to the radius of A , with the 
proportionality depending only on the height of the cylinder and the angles of the two fibre 
bundles in the dominated splitting. 

Let d u Cf denote the top and bottom components of dC 3 , i.e. the set of points z G dC 3 such 
that z G dWg (x) for some x G Aq. By the domination property, we may take 5$ > small 
so that no centre-unstable disk contained in C 3 and intersecting W^ 2 (p) can reach d u C 3 . 
For < a < 1 given by Lemma [2 .5[ let 

h = {x G A] : 6o{l + a k/2 ) < tist D (x,p) < 5 (1 + a^ 2 )} , k > 1, 

be a partition (Leb^ mod 0) into countably many rings of Aq \ Aq. 

We are now able to start with the construction of the partition V of Ao- The construction 
requires that we introduce inductively several objects. In particular, we will consider 
sequences of sets (A n ), (A n ), and (B n ). For each n > 0, the set A n is that part of A 
that has not yet been partitioned up to time n. The set A n is the disjoint union of A n 
and B n , where A n is essentially the part of A n where new elements of partition may be 
appear in the next step of the construction, and B n is some protection that we put around 
the sets previously constructed in order to avoid overlaps. For technical reasons, a small 
neighborhood A £ n of each A n will also be considered. 

First step of induction. - We fix Rq some large integer, and we ignore any dynamics 
occurring up to time i? . Let k > Ro + 1 be the first time that A n H k 7^ 0. For j < k we 
define formally the objects 

Aj =A e j = Aj = A , and Bj = 0. 

Let {^k,j)j be all the center-unstable disks in A\_ x contained in hyperbolic pre-balls V m , 
with k — iVo < m < k, which are mapped by f k onto a centre-unstable disk w-crossing C 3 
and intersecting Wg s , 4 (p). Then we let 

^L—^nr^), z = o,i,2 

and set R(x) = k for x G u^ -. We take 

A k = A fe _! \ {R = k}, 
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and define a function tk '■ A& — > N by 

s, if x G c<4 • and 7i(f k (x)) G J s for some j; 



t fc (x) 



■,3 

0, otherwise. 



Finally let 

and 



A k = {x G A k : t fc (x) = 0}, S fe = {x G A fe : t fe (x) > 0} 
= {x G A fc : dist fk+HD) (f k+1 (x),f k+1 (A k )) < e}. 



General step of induction. - - The general step of the construction follows the ideas above 
with minor modifications. Assume that the sets A i; A+, A\ Bi, {R = i] and functions 
ti : A, ; — > N are defined for each i < n — 1. Let be all the centre-unstable disks in 

A^_ : contained in hyperbolic pre-balls V m , with n — AT < m < n, which are mapped by f n 
onto a centre- unstable disk w-crossing C 3 and intersecting Wg s , 4 (p). Take 



» , .3 



n,j 



<,nr"(Cl), i = o, 1,2 (11) 



set R{x) = n for x G and let 

A n = A n _! \ {R = n}. 
The definition of the function t n : A„ — > N is slightly different in the general case: 

{x, if x G u^j \ cj°j and f n (x), G /, for some j, 

0, ifarG An-i\Ui^ii. 

^n-l(^) - 1, if X G B n _ x \ |J . u£ ,. 



Finally, we let 



and 



A n = {x G A n : t„(x) = 0}, 5 n = {x G A„ : t n (x) > 0} 



Al = {x G A n : dist r+1(D) (r +1 (x),r +1 (A„)) < e}. 
At this point we have described the construction of the sets A n , A £ n , B n and {R = n}. 

Since the components of {R = n} are taken in it could happen that these new 

components intersect -B n -i- The next lemma shows that this is not the long as 

e > is taken small enough. For notational simplicity we will drop the index j in the 
elements defined at (fTTl) . 

Lemma 3-4- — If e > is small, then co^ PI {t n -i > 1} = /or all n > 1. 

Proof. — Take > 1 and let o;°_ fc be a component of {i? = n — k}. Let be the part of 
^n-k that is mapped by 7r o J™- fc onto Ik, and assume that Qk intersects some u^. Recall 
that, by construction, Q k is precisely that part of on which £ n _i = 1, and cu 3 is 
contained in a hyperbolic pre-ball with n — N < m < n. 

Let (71 and be any two points in distinct components (inner and outer, respectively) of 
the boundary of Qk- If we assume that q\, q 2 G uj\, then q 1 , q 2 G V m , and so by Lemma |2~51 
we have 

di S t r - k{D) (f n - k ( qi ),f n - k ( q2 )) < C o-V 2 dist r{D) (P( qi ),P(q 2 )) (12) 
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for some Co depending on N . We also have for some C\ > depending on the angle of 
the stable and centre-unstable spaces over Koo 

dist fn - HD) (p- k ( qi ),p- k ( q2 )) > C 1 5o(l + ^ 1)/2 )-5o(l + a fc / 2 ) 
which combined with (j!2p gives 

dist / n (D) (r( gi ), re*)) > ^h^ 1 ' 2 - 1). 

On the other hand, since C A^_ x by construction of taking 

e < %(a-^ - 1) (13) 
Co 

we have cu 3 n n {i n _i > 1} = 0. This implies u l n n {i n _i > 1} = 0. □ 

3.3. Product structure. — Consider the center-unstable disk A C D and the partition 
V of A (Leb^ mod 0) defined in Section l3~2l We shall use the elements of V to define the 
s-subsets that give rise to the hyperbolic structure. Given an arbitrary element ui G V, 
we have by construction some R(u) E N such that f R(uj) {u) is a centre-unstable disk it- 
crossing C°. We define C u as the cylinder made by the stable leaves passing through the 
points in u, i.e. 

The sets C u , with u> E V, are by definition the pairwise disjoint s-subsets A 1; A 2 , • • • which 
define the Markovian structure. 

Now we define inductively some sets of centre-unstable manifolds ix-crossing C° that will 
give rise to the family T u . The first one is 

r = {A }. 

Having defined Tj, for some j > 0, we define 

r i+1 = {/^(Cu n 7) : wGPand 7 er j }. 

Observe that each element of Tj is equal to an iterate of a subset of A . In particular, 
the elements of each Tj are unstable manifolds. Moreover, since by construction f R ( w > (tu) 
intersects W^uip), then according to the choice of 5 and the invariance of the stable 
foliation, we have that each element of Tj must w-cross C°. 

Since the union of the leaves of the sets Tj, with j > 0, is not necessarily compact, we 
still need to take accumulation points of that union. Let 

Aoc = [J U > 

j>o 73 er 3 

Given x G Aoo, there are (jk)k oo, disks 7-, fe G Tj k and points %k G 7j fc converging 
to x as k — > cxo. Using the domination property and Ascoli-Arzela theorem we conclude 
that the disks 7 Jfe converge to a disk 7^ containing x. Since the disk 7^ is accumulated 
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by disks ^-crossing C° then it also must w-cross C°. We define r ro as the set of all these 
accumulation disks. Finally, we take 

r tt = |Jr J -ur 00 . 

3.4. Backward contraction and bounded distortion. — The backward contraction 
property (P 3 ) follows from Lemma ESI below. Bounded distortion is typically a consequence 
of backward contraction together with some Holder control of log | det Df u \. Property (P4) 
follows naturally from Proposition 12.11 together with Lemma 13.51 exactly as in the proof of 
[5| Proposition 2.8]. 

Lemma 3.5. - - There is C > such that, given u G V and 7 G T u , we have for all 
1 < k < R(pj) and all x, y G C u fl 7 

Proof. — Recall that, by construction, for each u G V there is a hyperbolic pre-ball 
Vn(u)( x ) containing to associated to some point x G D with a-hyperbolic time n(u) satis- 
fying R(oj) — N < n{uj) < R(oj). Taking 5 S ,5 < Si/2, it follows from (jS|) that n{uj) is 
a \/<7-hyperbolic time for every point in fl 7. Then, recall ((Zj), this implies that for all 
1 < k < n{u) and all x, y G C u fl 7 we have 

disv (w) - fc(CwnT) (r^ 

Since the difference between R(uS) and n(u) is at most N , the result follows with C 
depending only on Nq and the the derivative of /. □ 

3.5. Regularity of the foliations. — Here we prove property (P5). This is standard 
for uniformly hyperbolic attractors, and we shall adapt classical ideas to our setting. We 
begin with the statement of a useful result on vector bundles whose proof can be found in 
[16[ Theorem 6.1]. 

Lemma 3.6. — Let p: Y — > X be a vector bundle over a metric space X endowed with 
an admissible metric. Let D C Y be the unit ball bundle, and F: D — > D a map covering 
a homeomorphism f: X — > X. Suppose < k < 1 and that for each x G X , the restriction 
F x : D x — > D x has Lipschitz constant Lip(F x ) < k. Then 

1. There is a unique section o~q \ X —>■ D whose image is invariant under F. 

2. Let Lip(/) = c < 00 and < a < 1 be such that nc a < 1. Then o"o satisfies a Holder 
condition of exponent a. 

For the sake of completeness, let us mention that a metric d on E is admissible if there is 
a complementary bundle E' over X, and an isomorphism h: E(BE'-^XxAtoa, product 
bundle, where A is a Banach space, such that d is induced from the product metric on 
X x A. 

Theorem 3. 7. — Let f : M — > M be a C 1 diffeomorphism and let K C M be a compact 
invariant set with a dominated splitting T^M = E cs @E CU . Then the fiber bundles E cs and 
E cu are Holder continuous on K . 



GIBBS-MARKOV STRUCTURES FOR PARTIALLY HYPERBOLIC ATTRACTORS 



17 



Proof. - - We consider the centre-unstable bundle, the other one is similar. For each x G K 
let L x be the space of bounded linear maps L(E™, E^). For each x G K, let L x (l) denote 
the unit ball around £ L x , and define T x : L x (l) — > Ly^^l) as the graph transform 
induced by Df(x): 

V x {^ x ) = {Df\E^)-^-{Dr 1 \Ef {x) ). 

Consider L(E CU , E cs ) the vector bundle over K whose fiber over x G K is L x , and let Z? be 
its unit ball bundle. Then r : D — > Z) is a bundle map covering /|Ji" with 

Lip(r.) < I E?\\ ■ \\Df~ 1 | Ef {x) \\ < A < 1. 

Let c be a Lipschitz constant for and choose < a < 1 small so that Ac" < 1. By 
Lemma [331 there exists a unique section o"o : X —>■ D whose image is invariant under F and 
it satisfies a Holder condition of exponent a. This unique section is necessarily the null 
section. □ 

The next result gives precisely (Pg)(a). 

Corollary 3.8. - - There are C > and < (3 < 1 such that for all y G 7 s (x) and n > 

Proof. — As we are assuming that Z)/ is Holder continuous, it follows from Theorem 13.71 
that log I det Df u \ is Holder continuous. The conclusion is then an immediate consequence 
of the uniform contraction on stable leaves. □ 

Now we are going to prove (P 5 )(b). We start by introducing some useful notions. We 
say that <fi : iV — >• P, where N and P are submanifolds of M, is absolutely continuous if it 
is an injective map for which there exists J : N — > R, called the Jacobian of 0, such that 



Leb P ((j)(A)) = / JdLeb N . 

J A 

Property (Ps)(b) can be restated in the following terms: 

Proposition 3.9. - - Given 7,7' G T u , define <fi: 7' — * 7 fry = 7 s (x) fl 7. TTien is 
absolutely continuous and the Jacobian of <fi is given by 

T(x) = TT detDWfr)) 
1 J det 

One can easily deduce from Corollary 13.81 that this infinite product converges uniformly. 
The remaining of this section is devoted to the proof of Proposition 13.91 We start with a 
general result about the convergence of Jacobians whose proof is given in [17[ Theorem 3.3]. 

Lemma 3.10. — Let N and P be manifolds, P with finite volume, and for each n > 1, 
4> n : N — > P an absolutely continuous map with Jacobian J n . Assume that 

1. (fi n converges uniformly to an injective continuous map (fi : iV — > P; 

2. J n converges uniformly to an integrable function J : N — > R. 

Then (fi is absolutely continuous with Jacobian J. 
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For the sake of completeness, let us mention that there is a slight difference in our 
definition of absolute continuity of maps. Contrarily to |17j . and for reasons that will 
become clear in later, we do not impose continuity of the maps <p n . However, the proof of 
[17[ Theorem 3.3] uses only the continuity of the limit function 0, and so it still works in 
our case. 

Consider now 7,7' e T u and 0: 7' — > 7 as in Proposition 13.91 The proof of the next 
lemma is given in |17l Lemma 3.4] for uniformly hyperbolic diffeomorphisms. Nevertheless, 
one can easily see that it is obtained as a consequence of |17l Lemma 3.8] whose proof uses 
only the existence of a dominated splitting. 

Lemma 3.11. - - For each n > 1, there is an absolutely continuous ir n : J™ (7) — > /" (7O 
with Jacobian G n satisfying 

1. lim sup{dist r(y) (7r„(r(x)),r(0(a;))} = 0; 

2. lim sup {|1 - G n (x)\} = 0. 

n ^ 00 xe/"(7) 

We consider the sequence of consecutive return times for points in A, 

S\ = R and s n+ i = s n + R o f Sn , for n > 1. 

Notice that these return time functions are defined Leb 7 almost everywhere on each 7 e T u 
and are piecewise constant. 

Remark 3.12. - - Using the sequence of return times one can easily construct a sequence 
of (Leb 7 mod on each 7 e T u ) partitions (V n ) n by s-subsets of A with s n constant on 
each element of V n , for which (P 1 )-(P 5 ) hold when we take s n playing the role of R and 
the elements of V n playing the role of the s-subsets. Moreover, the constants C > and 
< (3 < 1 can be chosen not depending on n. 

We define, for each n > 1, the map <p n : 7 — > 7' as 

0n = f~ Sn KsJ Sn . (14) 

It is straightforward to check that cj) n is absolutely continuous with Jacobian 

\det(Df^r(x)\ 

MX} - |det(D/»»W n (s))| GsM {X)y 

Observe that these functions are defined Leb 7 almost everywhere. So, we may find a Borel 
set F C 7 with full Leb 7 measure on which they are all defined. We extend <p n to 7 simply 
by considering <j) n (x) = 4>{x) and J n {x) = J(x) for all n > 1 and x G 7 \ F. Since F has 
zero Leb 7 measure one still has that J n is the Jacobian of <fi n . 

Proposition l3.9l is and immediate consequence of Lemma [3]T0] together with the next one. 

Lemma 3.13. - - The maps <p n converge uniformly to <f>, and the Jacobians J n converge 
uniformly to J. 

Proof. — It is enough to prove the convergence of each sequence restricted to F, i.e re- 
stricted to the set of points where the expressions of 4> n and J n are given by ( 1141) and (1T5]) 
respectively. 
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Let us prove first that n converges uniformly to 0. Using the backward contraction on 
unstable leaves given by (P3), recall Remark 13.121 we may write for x G 7 

dist y (0„(x),0(x)) = dist Y (f- s "ir s J s "(x)J~ s "f Sn (t)(x)) 
< CP S - dist fsn (y ) (n Sn f s -(x), f s -<P(x) ) . 

Since s n — > 00 as n — > 00 and dist/ S n(y)(7r Sn / ,Sn (x), f s,l 4>(x)) is bounded by Lemma f3.Hl 
we have the uniform convergence of 0„ to 0. 
By ( TT51) we have 

|det(D/ a ")"(x)| |det(D/ a ") M (^(x))| 
nl J |det(£>/*O«(0(z))| |det(D/«»)«(^(x))| SnU 1 JJ ' 

Using the chain rule and Corollary 13.81 it easily follows that the first term in the product 
above converges uniformly to J(x). Moreover, the third term converges uniformly to one, 
by Lemma 13.111 It remains to see that the middle term also converges uniformly to one. 
Recalling Remark 13.121 by bounded distortion we have 

iw£nS\ - -p(™^>(/'"«*)>, /'"(«*)))') 

= exp(Cdist / .„ (y) (/*-(0W),7r,„(/«"W))"). 

Similarly we obtain 

- exp ( -c«*f«>wi*(*))>'-*<f-(*)n 

The conclusion then follows from Lemma 13.111 □ 



4. Decay estimates 

In this section we obtain the metric estimates on the decay of Lebu{R > n} of The- 
orem [S] These estimates are an adaptation of similar ones from [61 Section 5] to our 
setting. We start by proving estimates arising directly from the construction preformed in 
Section 13.21 In the final part of the argument we use some results that have been put into 
an abstract setting in [4J Section 4.5.2] and get the desired conclusion. 

Lemma 4-1- — There exists > such that 

Leb D (5n-i H A n ) > a Leb D (B n ^i), 

for all n > 1 . 

Proof. — It is enough to see this for each component of B n _\. Let C be a component of 
-B n -i and let Q be its outer ring, corresponding to t n -i = 1- Observe that by Lemma I3T41 
we have Q = CnA n . Moreover, there must be some k < n and a component of {R = k} 
such that 7r o f k maps C diffeomorphically onto U^i* and Q onto both with uniform 
bounded distortion as in Corollary 12.41 Thus, it is sufficient to compare the Lebesgue 
measures of U^i* and Ik- We have 

LgM4) ^ [6 (1 + a^-^)f - [5 (1 + a^)f ^ 1/2 
Leb c (U^I;)~ [5 (1 + cr^-m)]u _ 6 u ~ > 
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where u is the dimension of E cu . □ 

Lemma J,.. 2. - - There exist b , c > with b , c — > as o~ — > 0, stzc/i i/iai 

1. Leb D (A„_! nB n ) < feoLeboC^-i), 

2. Leb D (A„_! n {i2 = n}) < c Leb o (A l -i), 
/or all n > 1. 

Proof. — It is enough to prove this for each neighborhood of a component of {R = n}. 
Observe that by construction we have cu 3 C which means that uj\ C because 

we are taking £ < 5 . Using the uniform bounded distortion of Corollary 12.41 we obtain 



Leb D K\<) Leb D (A*\A°) ^ 5; 



«1, 



«1, 



Leb D (^\<) Leb D (Ag\Aj) ^ 
which gives the first estimate. Moreover, 

Leb D (^°) Leb g (A°) 
Leb D (^ \ w i) ~ Leb D (Ag \ AJ) ~ 5 d/2 

and this gives the second one. □ 
Proposition 4-3. - - There exist c\ > and a positive integer N = N(e) such that 
Leb D (uf = o{R = n + i})> Cl Leb D {A n ^ n H n ), 

for all n > 1 . 

Proof — Let K = max xeA \\Df~ 1 || and take r = 56 K£°, where iV is given by Lemma [3TTT . 
Recall that by Lemma T2.3[ for each z G f n (A n _i H iZ n ) there is x G and a cr-hyperbolic 
pre-ball V^(x) C ZJ which is sent diffeomorphically onto the centre- unstable ball of radius 
8\ around z. Let {zj} be a maximal set in f n (A n _i R if n ) with the property that the sets 
B r (zj) are pairwise disjoint, where each B r (zj) is the ball of radius r centered at Zj inside 
the hyperbolic ball around Zj. By maximality we have 

U^^^fK-ini/J. (16) 

For each j let Xj G be the point such that f n (xj) = Zj. 

Claim 1. There is < k < N e + N such that t n+ k is not identically zero in f~"(B e (z)) . 

Assume, by contradiction, that t n+ k\f~ n (B e (z)) = for all < k < N e + iVo- This implies 
that f~ n (B e (z)) C A n+k for all < k < N e + N . Using Lemma [277] we may find a 
hyperbolic pre-ball V m C B t (z) with a-hyperbolic time m < N e . Now, since f m (V m ) is 
a centre-unstable disk of radius S±, it follows from Lemma [3.11 and Lemma [3.21 that there 
are V C f m (V m ) and m! < N such that w-crossing C 3 and intersecting Wf s ^{p). Thus, 
taking k = m + ml we have that < k < N e + Nq and contains an element of 

{i? = n + k} inside f' n (B t (z)). This contradicts the fact that t„ +fc |/~ ?1 ( J B e (z)) = for all 
< k < N e + N . 

Claim 2. f~ n {B$ 1 u(z)) contains a component of {R = n + k} with < k < N e + Nq . 
Let k be the smallest integer < k < N e + N for which t n+ k is not identically zero in 
f~ n (B e (z)). Since f~ n (B t (z)) C A e n _ x C {t n -i < 1}, there must be some component 
of {i2 = n + k} for which f- n (B e (z)) n ^ +fc ^ 0. Recall that, by definition, / n+fc 
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sends uj^ +k diffeomorphically onto a centre-unstable disk (of radius 2So) w-crossing C 1 and 



intersecting Wg , 4 (p). Thus, the diameter of / n (^ +fc ) is at most A5oKq°. Since B £ (z) 



intersects / n (^ +A; ) and e < 5 < 5 Kq°, we have / n (B Sl u(z)) D w° +fc , as long as we take 
So > small so that 55 Kq° < 5i/A. Hence, we have shown that f~ n (B Sl u(z)) contains 
some component of {R = n + k} with < k < N e + Nq, and so we have proved the claim. 

Since n is a hyperbolic time for Xj, we have by the distortion control given by Corol- 
lary (23 that there is some constant C only depending on C 2 and 5i for which 

Leb D (f- n (B 2r ( Zj ))) Leb fn{D) (B 2r ( Zj )) 

Leb D (f-n(B r ( Zj ))) ~ Leb fHD) (B r (z 3 )) 1 ) 

and 

Leb D (f- n (B r ( Zj ))) Leb r{D) (B r ( Zj )) 

Leb D « fe ) " Leb /n(D) (/««,))• 1 j 

Recalling that from time n up to n + k we have at most N iterates, from (flTl) and (TTTj) 
we easily deduce that there is some positive constant, that we still denote by C, for which 

Leb^r^O?,))) < CLeb D (f- n (B r ( Zj ))) 

and 

Leb D (r n (B r ( Zj ))) < CLeb D « +% ). 

Finally, let us compare the Lebesgue measure of the sets Uilo {R = n + i\ and A n _\ DH n . 
By ( TTBT) we have 

Leb D (A n _ x ntf n ) < ]T Leb D (f- n (B 2r ( Zj ))) < C^Leb D (/- n (B r (^-))). 

i i 
On the other hand, by the disjointness of the balls B r (zj) we have 

^LeM/-»(2J r (z,))) < C^Leb D (c^ +fc ) < C7Leb D (u£ {it! = n + <}) . 

We just have to take C\ = C~ 2 . □ 

For completing the proof of Theorem |X1 it is enough to show that 

Leb D {£ >n} = 0( n - T ) Leb D {R > n} = 0(n- T ). 

Recall that we have defined H n , for n > 1, as the set of points for which n is a a-hyperbolic 
time. In Corollary 12.61 we obtained the following estimate: 

(ni!) There is 9 > such that for all n > 1 and A G M \ {S > n} with hebu(A) > 



n 



Leb D (A n 
n ' Lebn(A) 



> 0. 



In the construction of the Markov structure have taken a disk A of radius 5q > and 
defined inductively the subsets A n , _B n , {R = n} and A n related in the following way: 

A n = A \ {R < n} = A n UB n . 

Moreover, we have proved in Lemma fl~Tl Lemma fl~2l and Proposition 14.31 that the following 
metric relations hold: 
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1112) There is ciq > (bounded away from for all Sq) such that for all n > 1 

heh D (B n _i n A„) > a Leb jD ( J B„_ 1 ). 

1113) There are b$,CQ > &o ; c o — ► as <5o — > 0, sncn inai /or all n > 1 

Leb D (A n _! n 5 n ) Leb D (A n _! n {/? = n}) 

— . r — < 6 and r < co. 

Leb D (A n _i) Leb D (A„_i) 

m 4 ) There is r > and an integer N > swc/i iaai /or all n > 1 

Leb D {U? =0 {R = n + t})>r Leb D (A n _! n if n )- 

Estimates (m 1 )-(m 4 ) are enough to use the results of [4j Section 4.5.2] and obtain the decay 
of Leb 7 {i? > n} as in the conclusion of Theorem lAl 

Acknowledgment. — The authors acknowledge the referee for valuable comments and 
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